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Overview

Hands-on example of inductive bias

What is “lower-order Caterpillar

... and why “lower-order”? GNNs

How to reduce computational graphs?

Graph neural
networks

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 2/11



The default inductive bias

learning on graphs

== = = = 9Dace



The default inductive bias

learning on graphs —— message passing

=] F = = = 9DAC



The default inductive bias

equivariant learning on graphs —— message passing

=] F = = = 9DAC



The default inductive bias

?
equivariant learning on graphs —— message passing

=] F = = = 9DAC



The default inductive bias

GraphConv
GAT
GCN GIN
? GraphSAGE
equivariant learning on graphs —— message passing



The default inductive bias

GraphConv
GAT
GCN GIN
? GraphSAGE
equivariant learning on graphs —— message passing
spectral invariant
higher-order networks
message passing

networks

ordered subgraph aggregation
networks
(=] =l = QA
~ Marekemy  Unlocking Lower-Order Inductive Biases with CaterpillarGNNs  3/11



The default inductive bias

GraphConv
GAT
GCN GIN
? GraphSAGE
equivariant learning (on) graphs —— message passing
spectral invariant
higher-order networks
message passing

networks

ordered subgraph aggregation
networks
(=] =l = QA
~ Marekemy  Unlocking Lower-Order Inductive Biases with CaterpillarGNNs  3/11



?
—— Message Passing

0
X2 =0

== = = = 9Dace




?
—— Message Passing

A
—©
(1) :
Xoe = f0.0.0}
oo
& ) o




2
—— Message Passing

) .
x¢e = {fo,0},{o}. foo}}
‘ @&——)

X(G],-(): ={o.0,0}

0
W =o

== = = = 9Dace




?
—— Message Passing

3) ) {{o.0},{o,0,0}}, {{o,00}},
x(e,l—{{ {f{o.0}.fo.0,0}} }} (d)

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

. (6.
X6,e = {o,0,0}
Xor =0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 4/11



? :
—— Message Passing
t+1 t t t
o = L8}

3) ) {{o.0},{o,0,0}}, {{o,00}},
x(e,l—{{ {f{o.0}.fo.0,0}} }} (d)

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

. (6.
X6,e = {o,0,0}
Xor =0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 4/11



? :
—— Message Passing
t+1 t t t
o = L8}

3) ) {{o.0},{o,0,0}}, {{o,00}},
x(e,l—{{ {f{o.0}.fo.0,0}} }} (d)

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

) =fo.0,0}

X&) =0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 4/11



? :
—— Message Passing
t+1 t t t
o = L8}

3) ) {{o.0},{o,0,0}}, {{o,00}},
x(e,l—{{ {f{o.0}.fo.0,0}} }} (d)

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs

4/11



?
—— Message Passing

o = L8}

W@ _ ) {foo}.foo0}h {fo.0.0}},
G {{o,0}.{o,0.0}} 0
g (<)
@ _
XG.c =
(G,¢c)
oo
X&) =0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 4/11



?
—— Message Passing

o = L8}

Marek Cerny

Unlocking Lower-Order Inductive Biases with Caterpillar GNNs

4/11



2
—— Message Passing

oo = LG8}

Marek Cerny

Lower-Order Aggregation

Unlocking Lower-Order Inductive Biases with Caterpillar GNNs

5/11



2
—— Message Passing

oo = LG8}

Marek Cerny

Lower-Order Aggregation

Unlocking Lower-Order Inductive Biases with Caterpillar GNNs

5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

3
X&) =
2
X&) =
O O
xg}:o o) V- oo
O O
& =0 =0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

3
CE
O O
O O
@ _ 020 @ _ ©
XG,c =Q gG,c =Q0—0
o0 o)
1 1
- -
X6t =0 &2=0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

WO =888} & = L&} DO e

o<g o)
Xézl O—0 Eézzéo O—o0
o<g o
@)

||
I
®
(2]

Il

XGc

||
O
Iy
(9]
(2]

|

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

WO =888} & = L&} DO e

o o
xézl—O O—o éﬁé%@—o a
O

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

R () ST U (TR RV ¥ KT G SRR RTY |

o Omm=Q o O==8
O
&) = ooy € - o

p——

®)
2 2
X(673: B €é7(): B 2 | é %O_Q
1 1
- - o

X6t =0 &2=0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

Wi = L8 G) = Ll SO a8} € )
o8 o="°
= c{fg:sOOO§
O<§ ;g 7 O
8- 2 céf Lo
N o{o sszzo{o

X6t =0 &2=0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

WO =888} & = L&} DO e

$r =0 oﬁ@ = C€O<g<s Céﬁé
@ - sg%zz-céﬁo%ﬂ

XGc

e

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

Xe o = {{xétbxétl,xg)d}} e = {{geavX(GOI)J’X(GO?z' {808} a8l )

=0 o—o<§ 5((;32 =2 ngég %@—06?
© g<§
No € 2.0%4 %H
-clo -

XGt =0 &2=0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



?
—— Message Passing Lower-Order Aggregation

W = LG8} 8 = {ea G} {XGa’ng’X(GOc)j b &L}
O ng-:s E
Ow=g

2 2
X(673: B §é7(): B 2 | é %O_Q
-clo -

XGt =0 &2=0

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 5/11



? :

—— Message Passing
t+1

X(G:r) {{XGG’XGb’ G)d}

3
X6L

Marek Cerny

Lower-Order Aggregation

(t+1 {{5Ga,xeb,xé°2,}} {{Xcm rSGb,xézj} {{Xg)c)vXéoz)ﬁ

e

Unlocking Lower-Order Inductive Biases with Caterpillar GNNs

)

6/11



?
—— Message Passing Lower-Order Aggregation

X(Gt:rl) {{XG ar X b’XG)d} g:rl {{56 a X6 b’Xéozf}} {{XG as 5(; b’XéL} {{X(Goc)vxéot)w k3 t?f}

e

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 6/11



?
—— Message Passing Lower-Order Aggregation

W = PEAGAE ) & = LSO SO} 8 )

e

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps
1tree incident to vertex u exponentially many simpler trees incident to u

Marek Cerny Unlocking Lower-Order Inductive Biases with Caterpillar GNNs 6/11



?
—— Message Passing Lower-Order Aggregation

W = PEAGAE ) & = LSO SO} 8 )

T

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps
1tree incident to vertex u exponentially many simpler trees incident to u

Unlocked: A homomorphism-counting semantic of lower-order aggregation.
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W = PEAGAE ) & = LSO SO} 8 )

T

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps
1tree incident to vertex u exponentially many simpler trees incident to u

Unlocked: A homomorphism-counting semantic of lower-order aggregation.
Unlocked: Graph-level linear dependencies avoid the exponential enumeration.
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Graphs and Homomorphisms

G = (V,E)isa(simple, undirected) graph
F = (Vs, E5) a source graph

A map
p: Vg =V @
isa homomorphism F — G if

uv € Es = ¢(u)p(v) € E.
Figure: Example p: F — G.
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Homomorphisms and Graph Neural Networks

For input G, we count graph homomorphisms
#hom(F,G) = {¢ | ¢: F — G}|
over all graphs F € F.

F = G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cy caterpillar trees — lower-order agg. (ours)
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Homomorphisms and Graph Neural Networks

F = G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cj caterpillar trees — lower-order agg. (ours)

FeP et F3€Cy

Figure: Caterpillar hierarchy
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Homomorphisms and Graph Neural Networks

F = @G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cp caterpillar trees — lower-order agg. (ours)
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The caterpillar hierarchy induces strictly separated graph-
distinguishing invariants [Neuen and Seppelt 2026].
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Benefits of Lower-Order

Lower-order inductive bias gives us

stronger structural assumptions
for information aggregation.
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Figure: Binary encoding of 11 + 22 as a graph G.

Classification problem: does G represent the sum 33?
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Benefits of Lower-Order

Lower-order inductive bias gives us
stronger structural assumptions *
for information aggregation.

(a) (b)

Figure: Binary encoding of 11 + 22 as a graph G.
Classification problem: does G represent the sum 33?

1.0

0.8

0.6

-

0.4

C G G G G G G C Co Co Cu Cg Cs MP
Expressivity classes (increasing) vs. accuracy (higher is better)

Figure: There are regimes where more expressivity does not improve generalization.
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Figure: (a) a degree-colored graph G, (b)
weighted automaton Ag.
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Unlocking Lower-Order via Weighted automata

1. Homomorphism counts over caterpillars
correspond to numbers of colored walks in G.

2. Ag accepts a weighted language corresponding
to the multiset of all colored walks in G.

3. Reduce (minimize) automaton Ag. (a) (b)
4. Thisreductionisindependent of a linear basis — Figure: (a) a degree-colored graph G, (b)
canonical. weighted automaton Ag.
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Unlocking Lower-Order via Weighted automata

Visit poster &
read paper(s):

Caterpillar GNN: Replacing Message Passing
with Efficient Aggregation, arXiv:2506.06784

Homomorphism Indistinguishability,
Multiplicity Automata Equivalence, and
Polynomial Identity Testing, w. Seppelt, T.,
STACS 2026, arXiv:2512.13058

Figure: (a) a degree-colored graph G, (b)
weighted automaton Ag.

On Numbers of Simplicial Walks and Equivalent
Canonizations for Graph Recognition,
LATIN 2026, arXiv:2601.09506
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right). Graph: PROTEINS TUDataset.

Caterpillar GCN withh = 1 (

)’

passing GCN (left
Significant reduction on benchmarks: MalNet-Tiny, OGB, LRGB, ZINC, and MoleculeNet.

Figure: Message



