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Overview

What? Restricted-conjunction logic and the all-in-one pebble games.

How? Characterization with simplicial walks and multiplicity automata.

Why? Hands-on example of lower-order message passing.
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First-order Logic with Counting Quantifiers

Formulas of first-order logic with counting quantifiers C are given by the grammar

⇝

φ(x1, . . . , xr) ::= ∃≥mxr+1 φ | φ ∧ φ′ | ¬φ | E(xi, xj) | xi = xj,

where r,m ∈ N, and i, j ∈ [r].

Ck+1 is (k + 1)-variable fragment of C.
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Sentences of restricted-conjunction first-order logic with counting quantifiers CR are given by

⇝ ⇝

φ ::= ∃=m(z1, . . . , zr)ψ(z1, . . . , zr) |
∨

Φ,

Φ is a collection of sentences φ, m ∈ N, and ψ(z1, . . . , zr) is a formula given by

ψ(x1, . . . , xs; z1, . . . , zr) ::= ∃xs+1 ((xs+1 = zr) ∧ ψ(x1, . . . , xs+1; z1, . . . , zr−1))

|
∧

ΨR |
∨

Ψ | ¬ψτ | E(xi, xj) | xi = xj,

ΨR is a collection of formulas, where at most one is not a sentence.
Ψ is a collection of formulas.
ψτ is an atomic formula.

Ck+1
R is (k + 1)-variable fragment of CR.

[The Pebble-Relation Comonad in Finite Model Theory, Montacute, Y., Shah, N., 2024]
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Logical Fragments and Bijective Pebble Games

For two graphs G and H, the following is equivalent:
(i) G ≡Ck+1 H,

(ii) Duplicator has a winning strategy in the
bijective (k + 1)-pebble game.

The game is over product VG × VH between Duplica-
tor (D) and Spoiler (S).
It starts with k + 1 pebbles off the board.
In each round,

S chooses pebble p ∈ [k + 1],
D responds with bijection f : VG→VH,
S places pebble p on (v, f(v)) ∈ VG × VH

D wins if she can find f in every round, such that f is
a partial isomorphism on pebbled pairs both before
and after the placement of p by S.

For two graphs G and H, the following is equivalent:
(i) G ≡Ck+1

R
H,

(ii) Duplicator has a winning strategy in the
all-in-one bijective (k + 1)-pebble game.

The game has a single round (all-in-one):
S chooses a sequence of pebbles
(p1, . . . , pt) ∈ [k + 1]t.
D chooses a bijection f : V t

G→V t
H.

S places i-th pebble on (vi, ui) ∈ VG × VH,
where (u1, . . . , ut) = f(v1, . . . , vt).

D wins if she can find f (once), such that partial iso-
morphism on pebbled pairs for all i ∈ [t].
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How: Characterization with simplicial walks and multiplicity automata.
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Graph Homomorphisms

Definition
A (graph) homomorphism F G is a function φ : V(F) → V(G) such that

uv ∈ E(F) =⇒ φ(u)φ(v) ∈ E(G).
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Graph Homomorphisms

Definition
A (graph) homomorphism F G is a function φ : V(F) → V(G) such that

uv ∈ E(F) =⇒ φ(u)φ(v) ∈ E(G).

?
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Example of a homomorphism F G.
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Homomorphism Indistinguishability over F
hom(F,G) . . . the number of homomorphisms F G.

Definition (G ≡F H)
hom(F,G) = hom(F,H) ∀F ∈ F .

Problem (HOMIND(F ))
Input: Graphs G and H.
Decide: G ≡F H.

F ∈ F

G H

# #
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Equivalent Views on Recognizing Graph Properties

HOMIND(Tk)

Ck+1

(k + 1)-variable first-order logic
with counting quantifiers

k-WL
k-dimensional

Weisfeiler–Leman
refinement

HOMIND(Pk)

Ck+1
R

restricted-conjunction
(k + 1)-variable first-order logic

with counting quantifiers

k-SW
k-dimensional

simplicial walk
refinement

Dvořák 2010

Cai, Fürer, and Immerman 1992

Montacute and Shah 2024

Černý 2026
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Simplicial Walks

1

2

3

4

5

Graph G

{1} {2} {3} {4} {5}

{12} {13} {14} {15} {23} {24} {25} {34} {35} {45}

{123} {124} {125} {134} {135} {145} {234} {235} {245} {345}

Hasse graph of 2-skeleton H(K(2)) of K = P(V (G)) \ {∅}

Notation:
H(K(k)) is the Hasse graph of the k-skeleton K(k) of a simplicial complex K.
dimσ = |σ| − 1 for a simplex σ in K(k).

Definition (Simplicial walk)

A k-simplicial walk in G is a walkσσσ = (σ0, σ1, . . . , σt) in the graph H(K(k)) with dimσ0 = 0.
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Colored Simplicial Walks

4

(4)

34

(4, 3)

234

(4, 3, 2)

24

(4, 2)

4

(4)

14

(4, 1)

124

(4, 1, 2)

12

(1, 2)

σi

[[σσσ, i]]

G[σi]4

3

4

3

42 42 4 4

1

4

1

2 2

1

+4 +3 +2 +1 +2

Figure: A simplicial walkσσσ in G with each σi ordered as [[σσσ, i]].

Definition (Colored simplicial walk)

Let k ≥ 1, and letσσσ be a k-simplicial walk in a graph G.
A color ofσσσ is c = (c1, c2, . . . , ct) with ci = χk(G, [[σσσ, i]]), where

χk(G,u) := χ
(k−ℓ+1)
k-wl (G, u1, u2, . . . , uℓ, . . . , uℓ), u ∈ V(G)ℓ, 1 ≤ ℓ ≤ k + 1. (1)
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From Restricted-Conjunction Logic to Simplicial Walks

Theorem (Montacute and Shah 2024; Černý 2026)

For two graphs G and H, the following conditions are equivalent:
(i) G and H satisfy the same formulas definable in logic Ck+1

R . G ≡Ck+1
R

H

(ii) G and H have the same homomorphism counts over graphs in Pk. G ≡Pk H
(iii) G and H have the same numbers of colored k-simplicial walks.

Simplicial walk refinement (SW) aggregates colored simplicial walks
similar to Weisfeiler–Leman refinement,
unlike WL multisets, SW multisets can be exponentially large

Solution: use multiplicity automata to represent SW.
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Multiplicity Automata (MAs)

⇝ ⇝

Definition
A multiplicity automaton is A = (S,Σ,M, α, η)

states S, and alphabet Σ (both finite)
α ∈ Q1×S (initial v.), η ∈ QS (final v.),
M : Σ → QS×S (transition multiplicities).

Definition (Semantics)
A recognises the rational series JAK : Σ∗ → Q by

JAK(c1c2 · · · ct) = αM(c1)M(c2) · · ·M(ct)η.

for each word c1c2 · · · ct ∈ Σ∗.

1×a
2×b

Figure: MA A. E.g., JAK(abbb) = 23.

Definition (MA Equivalence)

Two MAs A and B are equivalent if

JAK = JBK.

Theorem (Černý and Seppelt 2026)

Deciding MA equivalence is C=L-complete
under logspace many-to-one reductions.
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Why: Hands-on example of lower-order message passing.
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Message Passing

χ
(t+1)
G,c =

{{
χ
(t)
G,a, χ

(t)
G,b, χ

(t)
G,d

}}
χ
(3)
G,c =

χ
(2)
G,c =

{{
{{ , }}, {{ }}, {{ , }}

}}

χ
(1)
G,c =

χ
(0)
G,c =

a b

c

d

(G, c)
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Message Passing
R

Lower-Order Aggregation
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Homomorphisms and Graph Neural Networks

For input G, we count graph homomorphisms

#hom(F,G) = |{φ | φ : F → G}|

over all graphs F ∈ F .

F = G all graphs — isomorphism class [Lovász 1967]
F = T trees — message passing [Dvořák 2010]
F = P paths — numbers of walks
F = Ch caterpillars — lower-order agg. (Černý 2025)

The caterpillar hierarchy induces strictly separated graph-
distinguishing invariants [Neuen and Seppelt 2026].

F1 ∈ C1F0 ∈ P F3 ∈ C3

Figure: Caterpillar hierarchy
P ⊊ C1 ⊊ C2 ⊊ C3 ⊊ · · · ⊊ T .
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Benefits of Lower-Order

Lower-order inductive bias gives us

stronger structural assumptions
for information aggregation.

(a)

0

1

1

0

0

1

1

1

1

0

+

(b)

Figure: Binary encoding of 11 + 22 as a graph G.
Classification problem: does G represent the sum 33?
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Figure: There are regimes where more expressivity does not improve generalization.
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Theorem (Černý and Seppelt 2026)

There exists CMSO2-definable graph class T such that for graphs G and H distinguishable by 2-WL,

HOMIND(T ), i.e., #hom(F,G) = #hom(F,H) ∀F ∈ T

is not known to be decidable in polynomial time.
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Applying Lower-Order via Multiplicity automata

1. Homomorphism counts over caterpillars
correspond to numbers of colored walks in G.

2. AG accepts a multiplicity language
corresponding to the multiset of all colored
walks in G.

3. Reduce (minimize) automaton AG.

4. This reduction is independent of a linear basis —
canonical.

1

2

3

4

5

(a)

1

2

3

4

5

(b)

Figure: (a) a degree-colored graph G, (b)
multiplicity automaton AG.
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Result: Reduction of Real-World Computational Graphs!

(χF , χdeg)

(f1, 5)

(f1, 3)

(f2, 3)

(f1, 4)

Figure: Message-passing GCN (left), Caterpillar GCN with h = 1 (right). Graph: PROTEINS TUDataset.
Significant reduction on benchmarks: MalNet-Tiny, OGB, LRGB, ZINC, and MoleculeNet.
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