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Overview

What? Restricted-conjunction logic and the all-in-one pebble games.

How? Characterization with simplicial walks and multiplicity automata.

Why? Hands-on example of lower-order message passing.
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What: Restricted-conjunction logic and the all-in-one pebble games.
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First-order Logic with Counting Quantifiers

Formulas of first-order logic with counting quantifiers C are given by the grammar

(P(le"‘ 7Xf) = 32m)(f-‘rl(:o | 90/\()0/ ‘ ' ‘ E(vaxj) ’X/' = Xj,
wherer,m € N,and i,j € [r].

Ck*1is (k + 1)-variable fragment of C.

Marek Cerny Message Passing ——g  Multiplicity Automata

3/20



First-order Logic with Counting Quantifiers

o(x1, ..., Xr)

L Rod

Formulas of first-order logic with counting quantifiers C are given by the grammar
wherer,m € N,andi,j € [r].

e oA | e E(x) | % = x;,
® Clis (k4 1)-variable fragment of C.



Sentences of restricted-conjunction first-order logic with counting quantifiers Cg are given by

o =3 Mz, .. z2)0(z1, ..., 20) | \/ o,
® is a collection of sentences o, m € N, and ¢)(z1, .. ., z;) is a formula given by

VX1, . X521, .0, 2r) = WXy ((Xse1 = Z0) AY(Xa, .o Xs1i 21,05 20 1))

AVRIN |~ | ECax) | % = x,

YR is a collection of formulas, where at most one is not a sentence.
Y is a collection of formulas.
1, is an atomic formula.

CktLis (k + 1)-variable fragment of Cg.
[The Pebble-Relation Comonad in Finite Model Theory, Montacute, Y., Shah, N., 2024]
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Sentences of restricted-conjunctior-firct-nrdar lonicwith caynting quantifiers Cg are given by
A~ A

o = 3 Mz1,....z2)¥(z1,...,2) | \/(D’

® is a collection of sentences o, m € N, and ¢)(z1, .. ., z;) is a formula given by

VX1, .o X521, .00, 20) = IXsp1 (X1 = 20) A(Xa, .o Xs1i 21,025 2 1))

AVRIN |~ | ECax) | % = x,

YR is a collection of formulas, where at most one is not a sentence.
Y is a collection of formulas.
1, is an atomic formula.

CktLis (k + 1)-variable fragment of Cg.
[The Pebble-Relation Comonad in Finite Model Theory, Montacute, Y., Shah, N., 2024]

Marek Cerny Message Passing ——>g  Multiplicity Automata 4/20



Logical Fragments and Bijective Pebble Games

For two graphs G and H, the following is equivalent:
() G=cxn1 H,
(ii) Duplicator has a winning strategy in the
bijective (k + 1)-pebble game.

The game is over product V; x Vy between Duplica-
tor (D) and Spoiler (S).

It starts with k + 1 pebbles off the board.

In each round,

S chooses pebble p € [k + 1],
D responds with bijection f: Vg—Vy,
S places pebble p on (v, f(v)) € Vg x Vy
D wins if she can find f in every round, such that f is

a partial isomorphism on pebbled pairs both before
and after the placement of p by S.

For two graphs G and H, the following is equivalent:
(I) G Ecé—l H7
(ii) Duplicator has a winning strategy in the
all-in-one bijective (k + 1)-pebble game.

The game has a single round (all-in-one):

S chooses a sequence of pebbles

(p1,.- -, pe) € [k + 1]t

D chooses a bijection f: VE—Vj,.

S places i-th pebble on (v;, u;) € Vg x Vg,
where (uy, ..., ut) = f(va, ..., ve).

D wins if she can find f (once), such that partial iso-
morphism on pebbled pairs for all i € [t].
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How: Characterization with simplicial walks and multiplicity automata.



Graph Homomorphisms

Definition
A (graph) homomorphism F — G is a function ¢ : V(F) — V(G) such that

uv € E(F) = o(u)e(v) € E(G).
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Example of a homomorphism F — G.
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Example of a homomorphism F — G.
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Example of a homomorphism F — G.




Homomorphism Indistinguishability over F

hom(F,G) ... the number of homomorphisms F — G.

Definition (G =* H)
hom(F,G) = hom(F,H) VF e F.

Problem (HomIND(F))

Input: Graphs G and H.
Decide: G =1 H.
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Equivalent Views on Recognizing Graph Properties

HoMIND(7x)

== = = = 9Dace
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

HoMmIND(7)

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers

Marek Cerny Message Passing ——g  Multiplicity Automata 9/20



Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

\

HOMlND(’ﬁ() Cai, Fiirer, and Immerman 1992

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers

Marek Cerny Message Passing ——g  Multiplicity Automata

9/20



Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

\

HOMlND('E) Cai, Fiirer, and Immerman 1992 HOM|ND(Pk)

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers

Marek Cerny Message Passing ——g  Multiplicity Automata

9/20



Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

\

Cai, Fiirer, and Immerman 1992

HoMmIND(7)

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers

Marek Cerny

HomIND(Py)

k+1
CR

restricted-conjunction
(k 4 1)-variable first-order logic
with counting quantifiers
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Equivalent Views on Recognizing Graph Properties

HoMmIND(7)

I

Dvorak 2010

N\

k-WL k-SW

k-dimensional k-dimensional
Weisfeiler-Leman simplicial walk
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Cai, Fiirer, and Immerman 1992
HomIND(Py)
Montacute and Shah 2024
Ck+1 C{;—H

(k 4 1)-variable first-order logic
with counting quantifiers
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Equivalent Views on Recognizing Graph Properties
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k-dimensional
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refinement Cerny 2026 refinement
HOMlND('E) Cai, Fiirer, and Immerman 1992 HOM|ND(Pk)
Dvorak 2010 Montacute and Shah 2024
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(k 4 1)-variable first-order logic
with counting quantifiers
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Simplicial Walks

{123} {124} {125} {134} {135} '{145} {234} {235} {245} {345}

Z)&\<

{12} {13} {14} {15} {23} {24} {25} {3/1} {35} {45}

1 23 4 {5
{1 {2} {}/{} {5}

Graph G Hasse graph of 2-skeleton H (K (2)) of K = P(V(G)) \ {0}

Notation:
H(K(k)) is the Hasse graph of the k-skeleton K(k) of a simplicial complex K.
dimo = |o| — 1 forasimplex o in K(k).
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Simplicial Walks

{123} {124} {125} {134} {130} {14)} {21} {235} {25} {315}

/?&\

{12} {15} {14} {15} {25} {24} {25} {54} {55} {45}/

Notation:
H(K(k)) is the Hasse graph of the k-skeleton K(k) of a simplicial complex K.
dimo = |o| — 1 forasimplex o in K(k).

Definition (Simplicial walk)

A k-simplicial walk in Gis awalk o = (09, 01, ..., 0¢) in the graph H(K(k)) with dim oq = 0.
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Colored Simplicial Walks

©} ® 0 ) @@ Gloi]
(D30 {230 (20 —(7) @—»‘—»‘ i
T OO —O W)
@ @43 432 42 @ @) (412 (12 o]
Figure: A simplicial walk o in G with each o; ordered as [o, i].



Colored Simplicial Walks

@@@ ®@®

G[O’Z]
(on) n .
—>.—>.—>(234) 24 4 14 0;
+4 +:a +2 N +2 @ @
(4) (4,3) (43,2) (42 (4) 4,1) (412 (1,2 [o, i]
Figure: A simplicial walk o in G with each o; ordered as [o, i].
Definition (Colored simplicial walk)
Let k > 1, and let o be a k-simplicial walk in a graph G.
Acolorofoisc = (c1,¢a,...,ct)withci = xk(G, [o, i]), where
xk(G,u) == Xfff\;l”l)(G, U, Uy .oy Upy ..oy Up), ueV(6),1<l<k+1. (1)
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From Restricted-Conjunction Logic to Simplicial Walks

Theorem (Montacute and Shah 2024; Cerny 2026)

For two graphs G and H, the following conditions are equivalent:
(i) Gand H satisfy the same formulas definable in logic Cﬁ“.
(i) G and H have the same homomorphism counts over graphs in P.
(iii) G and H have the same numbers of colored k-simplicial walks.
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From Restricted-Conjunction Logic to Simplicial Walks

Theorem (Montacute and Shah 2024; Cerny 2026)

For two graphs G and H, the following conditions are equivalent:
(i) Gand H satisfy the same formulas definable in logic Cﬁ“. G=un H
R

(i) G and H have the same homomorphism counts over graphs in P. G=p H
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Simplicial walk refinement (SW) aggregates colored simplicial walks
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From Restricted-Conjunction Logic to Simplicial Walks

Theorem (Montacute and Shah 2024; Cerny 2026)
For two graphs G and H, the following conditions are equivalent:
(i) Gand H satisfy the same formulas definable in logic Cﬁ“. G =ckit H

(i) G and H have the same homomorphism counts over graphs in P. G=p H
(iii) G and H have the same numbers of colored k-simplicial walks.

Simplicial walk refinement (SW) aggregates colored simplicial walks

similar to Weisfeiler-Leman refinement,
unlike WL multisets, SW multisets can be exponentially large

Solution: use multiplicity automata to represent SW.
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Multiplicity Automata (MAs)

Definition

A multiplicity automatonis A = (S, X, M, a,, )
states S, and alphabet X (both finite)
o € QY (initial v.), n € QS (final v.),
M: ¥ — Q%% (transition multiplicities).

Marek Cerny
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Multiplicity Automata (MAs)

1xa

> :@ 2xb
A multiplicity automatonis A = (S, X, M, a,, ) . ,
states S, and alphabet ¥ (both finite) Figure:MAA.  E.g,, [A](abbb) = 2°.
o € QY (initial v.), n € QS (final v.),
M: ¥ — Q%% (transition multiplicities).

Definition
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Multiplicity Automata (MAs)

1xa

> :@ 2xb

Figure: MA A. E.g., [A](abbb) = 23.

Definition

A multiplicity automatonis A = (S, X, M, a,, )
states S, and alphabet X (both finite)
o € QY (initial v.), n € QS (final v.),
M: ¥ — Q%% (transition multiplicities).

Definition (Semantics)
A recognises the rational series [A]: ¥* — @ by
[A](cica - - - ct) = aM(c1)M(cy) - - - M(ce)n.

foreachword cicy - - - ¢ € X*.
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Multiplicity Automata (MAs) o~

Definition

A multiplicity automatonis A = (S, X, M, a,, )
states S, and alphabet X (both finite)
o € QY (initial v.), n € QS (final v.),
M: ¥ — Q%% (transition multiplicities).

Definition (Semantics)
A recognises the rational series [A] : ¥* — @ by
[A](cica - - - ct) = aM(c1)M(cy) - - - M(ce)n.

foreachword cicy - - - ¢ € X*.
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Multiplicity Automata (MAs)

1xa

> :(:{:::) 2xb

Definition

A multiplicity automatonis A = (S, X, M, a,, )
states S, and alphabet X (both finite)
o € QY (initial v.), n € QS (final v.),

M: ¥ — Q%% (transition multiplicities). Definition (MA Equivalence)

Two MAs A and B are equivalent if

Definition (Semantics)
: : : [A] = [B].
A recognises the rational series [A]: ©* — Q by

[[.A]](ClCz 000 Ct) = (I’M(Cl)M(Cz) 000 M(Ct)lj.

foreachword cicy - - - ¢ € X*.
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Multiplicity Automata (MAs)

1xa

> :@ 2xb

Figure: MA A. E.g., [A](abbb) = 23.

Definition

A multiplicity automatonis A = (S, X, M, a,, )
states S, and alphabet X (both finite)
o € QY (initial v.), n € QS (final v.), o _
M: ¥ — Q%% (transition multiplicities). Definition (MA Equivalence)

Two MAs A and B are equivalent if

Definition (Semantics)

: : : [A] = [B].
A recognises the rational series [A]: ©* — Q by
[Alrca---ce) = aM(ci)M(cz) - Mlce)n- Theorem (Cerny and Seppelt 2026)
foreachword c;c; -+ - ¢ € X% Deciding MA equivalence is C=L-complete

under logspace many-to-one reductions.
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Why: Hands-on example of lower-order message passing.
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Message Passing

A
—©
(1) :
Xoe = f0.0.0}
oo
& ) o




Message Passing

) .
x¢e = {fo,0},{o}. foo}}
‘ @&——)

X(G];‘): ={o.0,0}

0
W =o

== = = = 9Dace




Message Passing

3) ) {{o.0},{o,0,0}}, {{o,00}},
x(e,l—{{ {f{o.0}.fo.0,0}} }} (d)

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

. (6.
X6,e = {o,0,0}
Xor =0
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Message Passing

o = L8}
W@ _ ) {foo}.foo0}h {fo.0.0}},
Gy {{o,0}.{o,0.0}} 0

@ _ .
xe. = f{fo,0} o}, {o.0}}
‘ @—®

XE;];Z - {{07070}}

0
W=
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Message Passing

o = L8}

W@ _ ) {foo}.foo0}h {fo.0.0}},
G {{o,0}.{o,0.0}} 0
g (<)
@ _
XG.c =
(G,¢c)
oo
X&) =0
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Message Passing

o = L8}

Marek Cerny
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Message Passing

o) = L& a8}

3
X6L

)
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Message Passing —)R Lower-Order Aggregation

VORI (CINCINCY SR CTURVCINCY ¥ CRECRNCY § (VO RVCREC)

3
X6L

)
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Message Passing —)R Lower-Order Aggregation

VORI (CINCINCY SR CTURVCINCY ¥ CRECRNCY § (VO RVCREC)

3
GE
2
=
0 0
X(GI,ZZO o 583=O o)
o o
W -0 € -0
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Message Passing —)R Lower-Order Aggregation

t

O = E oD eSO ) A8 )

t t) (t
e = il

o —
[a X
Q —

3
X(G}: B @
O O
O O
@ _ ° @ _ °
XG c O O—o fG’c - O O
o<¢ o
1 1
- oo -
X6t =0 &2=0
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Message Passing —)R Lower-Order Aggregation

NSNS CRYCIC) B (NG RVC) W (N RTCRC) F NCRNCRECY)
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Message Passing —)R Lower-Order Aggregation

) _(t

NSNS CRYCIC) B (NG RVC) W (N RTCRC) F NCRNCRECY)

3
Xé,l@
) o3 i o
XGr = —0—o &= %@—o a
©]
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Message Passing
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Message Passing
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Message Passing —)R Lower-Order Aggregation
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Message Passing
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Message Passing —)R Lower-Order Aggregation
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Message Passing —)R Lower-Order Aggregation

wbe = D@8} 6 = LG} Pl e} {6 i el

R

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps
1tree incident to vertex u exponentially many simpler trees incident to u

Application: A homomorphism-counting semantic of lower-order aggregation.
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Message Passing —)R Lower-Order Aggregation

wbe = D@8} 6 = LG} Pl e} {6 i el

G oG

aggregates over neighbors in 1 step aggregates neighbors in deg(u) steps

1tree incident to vertex u exponentially many simpler trees incident to u

Application: A homomorphism-counting semantic of lower-order aggregation.
Application: Graph-level linear dependencies avoid the exponential enumeration.
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Homomorphisms and Graph Neural Networks

For input G, we count graph homomorphisms
#hom(F,G) = {¢ | ¢: F — G}|
over all graphs F € F.

F = G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cy caterpillars — lower-order agg. (Cerny 2025)

Marek Cerny Message Passing ——g  Multiplicity Automata

17/20



Homomorphisms and Graph Neural Networks

F = G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cp caterpillars — lower-order agg. (Cerny 2025)

FeP et F3€Cy

Figure: Caterpillar hierarchy
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Marek Cerny Message Passing ——g  Multiplicity Automata 17/20



Homomorphisms and Graph Neural Networks

F = @G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cy, caterpillars — lower-order agg. (Cerny 2025)
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Homomorphisms and Graph Neural Networks

F = @G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cy, caterpillars — lower-order agg. (Cerny 2025)
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Homomorphisms and Graph Neural Networks

F = @G all graphs — isomorphism class [Lovasz 1967]
F = T trees — message passing [Dvorak 2010]

F = P paths — numbers of walks

F = Cy, caterpillars — lower-order agg. (Cerny 2025)

-1 0
-0 @-o

(t+l) {{feaax(ghb 1)’X(Ghd 1)}}{{ ?1)7*5977 (h— 1)}} on e Lo

éhfl) (h 1) « écd} Figure: Caterpillar hierarchy
a )
PCCGCCCCC CT

The caterpillar hierarchy induces strictly separated graph-
distinguishing invariants [Neuen and Seppelt 2026].
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Benefits of Lower-Order

Lower-order inductive bias gives us

stronger structural assumptions
for information aggregation.
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Lower-order inductive bias gives us

stronger structural assumptions
for information aggregation.
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(a) (b)

Figure: Binary encoding of 11 + 22 as a graph G.

Classification problem: does G represent the sum 33?
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Benefits of Lower-Order

Lower-order inductive bias gives us
stronger structural assumptions *
for information aggregation.

(a) (b)

Figure: Binary encoding of 11 + 22 as a graph G.
Classification problem: does G represent the sum 33?
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Expressivity classes (increasing) vs. accuracy (higher is better)

Figure: There are regimes where more expressivity does not improve generalization.
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Benefits of Lower-Order

Lower-order inductive bias gives us

stronger structural assumptions
for information aggregation.

Theorem (Cerny and Seppelt 2026)
There exists CMSO,-definable graph class T such that for graphs G and H distinguishable by 2-WL,
HoMmIND(T), i.e., #hom(F,G) = #hom(F,H) VFeT

is not known to be decidable in polynomial time.
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Applying Lower-Order via Multiplicity automata

(2)

Figure: (a) a degree-colored graph G, (b)
multiplicity automaton Ag.




Applying Lower-Order via Multiplicity automata

1. Homomorphism counts over caterpillars
correspond to numbers of colored walks in G.

(a) (b)

Figure: (a) a degree-colored graph G, (b)
multiplicity automaton Ag.
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Figure: (a) a degree-colored graph G, (b)
multiplicity automaton Ag.
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Applying Lower-Order via Multiplicity automata

1. Homomorphism counts over caterpillars
correspond to numbers of colored walks in G.

2. Ag accepts a multiplicity language
corresponding to the multiset of all colored
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3. Reduce (minimize) automaton Ag. (=) ®)

Figure: (a) a degree-colored graph G, (b)
multiplicity automaton Ag.
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Applying Lower-Order via Multiplicity automata

1. Homomorphism counts over caterpillars
correspond to numbers of colored walks in G.

2. Ag accepts a multiplicity language
corresponding to the multiset of all colored
walks in G.

3. Reduce (minimize) automaton Ag. (=) ®)

Figure: (a) a degree-colored graph G, (b)

4. This reduction is independent of a linear basis —
multiplicity automaton Ag.

canonical.
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Result: Reduction of Real-World Computational Graphs!
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