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Graph Homomorphisms

Definition
A (graph) homomorphism F — G is a function ¢ : V(F) — V(G) such that

uv € E(F) = o(u)e(v) € E(G).
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Example of a homomorphism F — G.
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Homomorphism Indistinguishability over F

hom(F,G) ... the number of homomorphisms F — G.

Definition (G =* H)
hom(F,G) = hom(F,H) VF e F.

Problem (HomIND(F))

Input: Graphs G and H.
Decide: G =1 H.
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Connections of HoMIND(F) to Other Problems

Graphclass F ProblemG=rH

See the HOMIND Zoo: tseppelt.github.io/homind-database .
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Connections of HoMIND(F) to Other Problems

Graphclass F ProblemG=rH
All graphs Graph Isomorphism

See the HOMIND Zoo: tseppelt.github.io/homind-database .
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Connections of HoMIND(F) to Other Problems

Graphclass F ProblemG=rH

All graphs Graph Isomorphism Lovasz 1967
Planar graphs  Quantum Isomorphism Mancinska and Roberson 2020

See the HOMIND Zoo: tseppelt.github.io/homind-database .
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Connections of HoMIND(F) to Other Problems

Graph class F

All graphs
Planar graphs
Treewidth < k

See the HoMIND Zoo:
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Problem G = H

Graph Isomorphism Lovasz 1967
Quantum Isomorphism Mancinska and Roberson 2020
k-dim Weisfeiler-Leman Test Dvorak 2010

(k + 1)-variable FOL with counting  Cai, Fiirer, and Immerman 1992
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Connections of HoMIND(F) to Other Problems

Graph class F

All graphs
Planar graphs
Treewidth < k

Treedepth < d

See the HOMIND Zoo: tseppelt.github.io/homind-database .
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Problem G = H

Graph Isomorphism Lovasz 1967
Quantum Isomorphism Mancinska and Roberson 2020
k-dim Weisfeiler-Leman Test Dvorak 2010
(k + 1)-variable FOL with counting  Cai, Fiirer, and Immerman 1992
d-quantifier FOL with counting Grohe 2020
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Connections of HoMIND(F) to Other Problems

Graph class F

All graphs
Planar graphs
Treewidth < k

Treedepth < d
Cycles

See the HOMIND Zoo: tseppelt.github.io/homind-database .
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Problem G = H

Graph Isomorphism Lovasz 1967
Quantum Isomorphism Mancinska and Roberson 2020
k-dim Weisfeiler-Leman Test Dvorak 2010
(k + 1)-variable FOL with counting  Cai, Fiirer, and Immerman 1992
d-quantifier FOL with counting Grohe 2020
Cospectrality of adjacency matrices folklore
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Complexity of HOMIND(F)

pathwidth < k 1all graphs |
treewidth < k planar graphs
treedepth < d

Decidable Undecidable
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Equivalent Views on Recognizing Graph Properties

HoMIND(7x)
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Ck+l

(k 4 1)-variable first-order logic

with counting quantifiers
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

HoMmIND(7)

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman
refinement

\

Cai, Fiirer, and Immerman 1992

HoMmIND(7)

I

Dvorak 2010

\ ckrt

(k 4 1)-variable first-order logic
with counting quantifiers
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HomIND(Py)

k+1
CR

restricted-conjunction
(k 4 1)-variable first-order logic
with counting quantifiers
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Equivalent Views on Recognizing Graph Properties

k-WL

k-dimensional
Weisfeiler-Leman

refinement
HOMlND('E) Cai, Fiirer, and Immerman 1992 HOM|ND(Pk)
Dvorak 2010 Montacute and Shah 2024

N\ chrt N\ G

restricted-conjunction
(k 4 1)-variable first-order logic
with counting quantifiers

(k 4 1)-variable first-order logic
with counting quantifiers
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Equivalent Views on Recognizing Graph Properties
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Simplicial Walks

{123y {124} {125} {134} {135} (145} {234} {235} {245} {345}

\ 1/‘&\<

{12} {13} {14} {15} {25} {24} {25} {3/1} {do} {/15}

o ® 5w

Graph G Hasse graph of 2-skeleton H(K(2)) of K = P(V \ {0}

Notation:
H(K(k)) is the Hasse graph of the k-skeleton K(k) of a simplicial complex K.
dimo = |o| — 1 forasimplex o in K(k).
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Simplicial Walks

{123} (124} {125} {134} {130} {145} {231} {235} {245} {345}

[\\

S ) ) =
{} {2} {}/{} {5}

Graph G Hasse graph of 2-skeleton H (K (2)) of K = P(V(G)) \ {0}

Notation:
H(K(k)) is the Hasse graph of the k-skeleton K(k) of a simplicial complex K.
dimo = |o| — 1 forasimplex o in K(k).

Definition (Simplicial walk)

Let G be a graph,k > 1,and K = P(V(G)) \ {0}.
Then a k-simplicial walk in G of length t is a walk o = (09, 01, . . ., 0¢) in the graph H(K(k)) such
that dim oo = 0.
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Colored Simplicial Walks
@ ® @ ®

+4 +3 +2 +1 +2

42 @ @) @412 (12 [o,4]

£ G

(4) (4,3)  (4,3,2)
Figure: A simplicial walk o in G with each o; ordered as [o, i].

Definition (Colored simplicial walk)

Let k > 1, and let o be a k-simplicial walk of length t in a graph G,
then a colorofoisc = (c1,¢3, . .., ¢t) with ¢; = x«(G, [o, i]),
where y is given for each ¢-tuple u in V(G)¢ by

Xk(G7u) = Xilfv—:,_[g_l)(Ga Uy, Uz,...,Ug,... ,Ug), 1</<k+1
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From Simplicial Walks To Multiplicity Automata

Theorem

For two graphs G and H the following conditions are equivalent:
@ G and H have the same numbers of colored k-simplicial walks.
@ G and H have the same homomorphism counts over graphs in Py.
© G and H satisfy the same formulas definable in logic Cﬁ“.
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similar to Weisfeiler-Leman refinement,
unlike WL multisets, SW multisets can be exponentially large
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From Simplicial Walks To Multiplicity Automata

Theorem
For two graphs G and H the following conditions are equivalent:
@ G and H have the same numbers of colored k-simplicial walks.
@ G and H have the same homomorphism counts over graphs in Py.

© G and H satisfy the same formulas definable in logic Cﬁ“.

Simplicial walk refinement (SW) aggregates colored simplicial walks

similar to Weisfeiler-Leman refinement,
unlike WL multisets, SW multisets can be exponentially large

Solution: use multiplicity automata to represent SW.
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Multiplicity Automata (MAs)

Definition

A multiplicity automatonis A = (S, X, M, a, n)
states S, and alphabet X (both finite)
a € QY% (initial v.), n € Q° (final v.),
M: ¥ — Q5% (transition multiplicities).
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Multiplicity Automata (MAs)
1xa

Q—»@O 2% b
Definition

A multiplicity automatonis A = (S, X, M, a, n)
states S, and alphabet X (both finite) Figure: MA Ay,  E.g., [An](abbb) = 23.
a € QY% (initial v.), n € Q° (final v.),
M: ¥ — Q5% (transition multiplicities).

Definition (Semantics)
A recognises the rational series [ A]: ¥* — Q by
[[Aﬂ(alaz te O't) = OéM(O'l)M(O'z) cee M(O’t)n.

for each word o107 - - - o € X*.
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states S, and alphabet X (both finite)

a € QY% (initial v.), n € Q° (final v.),
M: ¥ — Q5% (transition multiplicities).

Definition (Semantics)
A recognises the rational series [ A]: ¥* — Q by
[[Aﬂ(alaz te O't) = OéM(O'l)M(O'z) cee M(O’t)T].

for each word o107 - - - o € X*.

1xa

)b

Figure: MA Ay,  E.g., [An](abbb) = 23.
Definition (MA Equivalence)
Two MAs A and B are equivalent if

[A] = [8].

Definition (MA Minimality)

An MA A is minimal if there is no other
equivalent MA with fewer states.
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Multiplicity Involution Automata

© Minimization of MA A is computable in polynomial time,
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Multiplicity Involution Automata
Minimization of MA A is computable in polynomial time,
but a minimal A®) is unique up to change of basis B.
Solution: endow MA with involution.
Involution is a unary operation *: ¥ — ¥ satisfying (a*)* = aforallain .
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Multiplicity Involution Automata
Minimization of MA A is computable in polynomial time,
but a minimal A®) is unique up to change of basis B.
Solution: endow MA with involution.
Involution is a unary operation *: ¥ — ¥ satisfying (a*)* = aforallain .

Definition

A multiplicity involution automaton A = (Q, £, M, «, n) satisfying the following conditions:
The initial and final vectors are adjoint, i.e. a* = 7.
Thereis an involution *: ¥ — ¥, such that M(a*) = M(a)* forallain X.
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Multiplicity Involution Automata
Minimization of MA A is computable in polynomial time,
but a minimal A®) is unique up to change of basis B.
Solution: endow MA with involution.
Involution is a unary operation *: ¥ — ¥ satisfying (a*)* = aforallain .

Definition
A multiplicity involution automaton A = (Q, ¥, M, r, n) satisfying the following conditions:

The initial and final vectors are adjoint, i.e. a* = 7.
Thereis an involution *: ¥ — ¥, such that M(a*) = M(a)* forallain X.

Theorem

Let A; and A; be two multiplicity involution automata over the alphabet ¥, then

[Ai] = [A:] ifandonlyif A = As.
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Canonizations Equivalent to Numbers of Simplicial Walks

Theorem

Forh,k > 1,n > 0, there exists a canonical representation ZLs,, of size O(knzk ), computable in time

O(kn3F), such that for every graph G on n vertices, o (G, k, h) recognizes exactly the same graph
properties as numbers of h-colored k-simplicial walks in G.
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Canonizations Equivalent to Numbers of Simplicial Walks

Theorem

Forh,k > 1,n > 0, there exists a canonical representation ZLs,, of size O(knzk ), computable in time

O(kn3F), such that for every graph G on n vertices, o (G, k, h) recognizes exactly the same graph
properties as numbers of h-colored k-simplicial walks in G.

This improves upon the time O(k°n™+7) for n“*1 log n > €?°%° shown by Seppelt 2024.
Corollary

The problem HoMIND(Py) for graphs on n vertices is decidable in time O(kn3k ).
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